IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Unsteady heat transfer from a suddenly heated infinite plate placed in a rarefied gas

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1978 J. Phys. A: Math. Gen. 11 647
(http://iopscience.iop.org/0305-4470/11/3/025)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 30/05/2010 at 18:48

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/11/3
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen., Vol. 11, No. 3, 1978. Printed in Great Britain. © 1978
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Abstract. Heat transfer from a plate placed in a rarefied gas and suddenly heated is
investigated from the point of view of the kinetic theory of gases. A model kinetic
equation is solved using the method of moments. Analytical formulae for the density and
temperature jumps at the surface of the plate are obtained. It is found that in the free
molecular regime the temperature jump is constant while in the nearly-free molecular
regime it is a linear function of time.

1. Introduction

One of the problems of great interest in aerodynamics is the investigation of the
behaviour of a rarefied gas near a suddenly heated body. It is important to determine
the rule governing heat transfer due to collisions of the molecules with solid surfaces
and collisions between the molecules themselves. Because of rarefaction of the gas
there must be discontinuities in the macroscopic parameters at the solid surface. The
jumps in these quantities at the surface due to the discontinuities must be determined.
The present paper deals with heat transfer from a suddenly heated plate placed in a
highly rarefied gas; our aim is mainly to determine the density and temperature jumps
at the surface of the plate. These jumps can be obtained if the density and tempera-
ture distributions at any instant and at any point are obtained.

The distribution function is assumed to satisfy the Boltzmann equation and its
initial form is taken to be Maxwellian.

Reflection of molecules from the surface is considered completely diffuse, this
means that the distribution of the molecules reflected from the surface is Maxwellian
and is dependent on temperature (i.e. the temperature of the plate). At infinity, the
density and temperature are considered bounded. The collision term is simplified by
using the model suggested simultaneously by Bhatnagar et al (1954) and Wellander
(1954). The technique used to solve the kinetic equation is the method of moments
with a two-sided distribution function. This method assumes that at any point in the
velocity space the distribution function is discontinuous. There are two types of
molecules: those reflected from the solid surface that do not suffer collisions with
other molecules and those which are not reflected by the plate; these types have
different distribution functions. The expression for the distribution function contains
some unknowns which are determined from the moment equation. In general this
method can be used to solve non-linear problems. It was proved by Khadr (1970) that
this method gives better results than other five available methods when solving the
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problem of Couette flow. Also Kashmarov (1963) uses it to solve the linear problem
of shear stress. Kashmarov considers the motion of the gas near a plate with constant
density and temperature which is suddenly moved, he uses the method of moments
with a two-sided distribution function to get a solution suitable for any density and his
results agree with the results of other investigators.

2. Basic equations

We consider a semi-infinite space, which is bounded by a very long (nearly infinite)
plate and filled with a fixed rarefied gas. We consider the unsteady heat transfer from
the infinite plate when it is suddenly heated. It is well known that the distribution
function satisfies the Boltzmann kinetic equation. In this case the equation has the
form:

oF aF

—+C,—=AF 1
PRSP A (1)
where F = F(C, y, t) is the distribution function, € is the velocity of molecules and AF
is the collision term of the Boltzmann equation. To solve (1) we shall use the method
of moments with discontinuous distribution function (Shidlovskiy 1967) as:
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where ny, n2, Ty and T, are unknown functions of the variables y and ¢ (it is assumed
that the plate is situated in the plane y = 0). The moments equations are obtained by
multiplying equation (1) by some dynamical variable ¢;(C) and integrating over C
from —o0 to —c0; then we have:

d =~ 8 = =
| oFac+ [ corac=[wmac 3)
where the integrals over the velocity space are evaluated from:
@© 0 x s o< O
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To determine the four unknowns n;, n,, T; and T, we choose four linearly indepen-
dent functions ¢; as:

¢1 = 1) ¢2 = ny ¢3 = Czs ¢4 = %CZCy. (5)

The calculation of the right-hand side of equation (3) is appreciably simplified by

approximating the collision term in equation (1) in the form (Bhatnager et al 1954,
Wellander 1954)

AFF = _11:_7" (F@-F) (6)

where n is the density, R is the gas constant, T is the temperature and M is the
viscosity coefficient. This corresponds to the first approximation of the Chapman-
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Enskog theory (Shidlovskiy 1967) and for the interaction model F = K/d® (d being
the intermolecular distance and K a constant), u =2kT(m/2K)"*/3A,(5) (k is
Boltzmann’s constant, A,(5)=1-3682).

We now define dimensionless variables 7, T, 7, ¢ as:

ni = nof;, Ti=T,T, y =yl, t=1l/(QRT,)"?

where no is the initial density, T is the temperature of the gas and / the length of the
plate. Dropping the bars on the dimensionless quantities we get:

] 1 9
5("1"‘"2)"‘?]7 5("2T§/2 -mTi?)=0 )
d 2 1 771/2
a(ﬂzTé/ —n1T1/2)+—2- 5(”1T1+n2Tn)=0 ®
3 Ty myTo) b — s Ly TY? =i T3y =0 ©)
gmlitnaly Way 212 111
3 572 5
é_t(nzTg/z ‘711T%/2)+'18— 5(”1T§+N2T%)
==8[5(n1+n)(n2T3? = T+ 3T =y T2 )i Ty + 0, T5)),
8 =3noA2(S)K/kTo)">. (10)

If we consider the initial distribution function to be Maxwellian, then
n=n=1, Ti=T,=1 att=0 (11)
and the boundary condition for the normal velocity, nV, = [ C,F dC =0, gives
[n2T3* =1y T1?]y=0=0. 12)

The condition that the distribution function of the reflected molecule be Maxwellian
dependent on temperature (equal to the temperature of the plate) gives:

T5(0,)=1+x' (13)
where the plate is assumed heated to the temperature To(1+ x'). Also

ni, na, Ty and T are considered bounded at y = o, (14)

To solve equations (7)}-(10), we shall use the small-parameter method; considering x'

as the small parameter, and neglecting all terms of order O(x'?), we put
ni=1+x'nj, T,=1+x'T; (i=1,2) (1)
15
X =n1+ns, Y =nb —ni, Z=T,+T), L=T,-T!.

Substituting from (15) into (7)-(10) and equating the coefficients of ' on both sides of
equations (7)-(10) we get the following partial differential equations:

X 1Y L, 16
at w ey 277y (16)
oY 1oL ='? X ='*oZ
—_—t=— —+ —=0
gt 29y 2 9y 2 9y

17)
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8Z 1 9Y 3 oL

§+3W172 5‘;*’2771/2 5'—' (18)

% l;%+37;1/2 ‘Z—%pa(%yﬁm. (19)
The initial condition (11) becomes:

X=Y=Z=L=0 atr=0. (20)
Also the boundary conditions (12), (13) are:

Y(0, £)+3L(0,£)=0 (21)

Z0,0N)+L(0,1)=2 (22)

X,Y,Z, L are bounded at y = 0, (23)

3. The solution in the case of highly rarefied system

In this case we can neglect the collisions between the particles, i.e. take § =0 in
(16)~(19). Using Laplace’s transform, the solutions of equations (16)-(19) are Osman
(1976)

XQ=qg H(t—ay)+a,H(t—a'y) 24)
Y©O=pH(t—ay)+b,H(t—a'y) (25)
Z@=c,H(t—ay)+c,H(t—a'y) (26)
L®=d,H(t-ay)+d,H(t—a'y) Q7)

where the constants:

a=1-8069, a'=0-8573, a;=-0-7259, a;=0-3446,

by =-0-9046, c1=0-2812, dy=0-3849,

b,=0-34417, ¢, =0-5928, d,=0-7410

and
H(t-ay)= {(1) i ZZ: (28)

To solve equations (16)-(19) when the collisions are taken into account, while the
collision term may be taken small, we use the small-parameter method. The quan-
tities X, Y, Z and L are expressed as:

X = X(0)+ 5x(1), Y = Y(O)+5y(l)
Z=z%+6z, L=L+sL"Y. (29)
The initial conditions for X, Y@, Z® and L are

Xy, 0)= YOy, 0)=Z(y, 0)= Ly, 0)=0
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and the boundary conditions are
YO0, )+3L(0, 1)=0
Z90,)+L90,0)=2
XO y©® 7O® 1O are bounded at y = oo,
Also the initial and boundary conditions for X, Y, Z® and L® are
Xy, 0)= Yy, 0= Z(y, 0)= Ly, 0)=0
Y, )+3LP0, £)=0
ZM(0, 1)+ LP(0,1)=0
XN y® z® LM are bounded at y =0,

Substituting from (29) in (16)~(19) and equating the coefficients of & on both sides of
these equations we get partial differential equations for X W y® ZzO 1M Using
Laplace’s transform we can get the solution in the form (Osman 1976)

XO=(Kit+Ryy)H(—ay)+ Mt +Ny)H(t—a'y) (30)
Y@ = (Kat+ Ray)H(t — ay)+ (Mot + Noy)H(t—a'y) (31
Z®W=(Kst+Rsy)H(t—ay)+(Mst+Nay)H(t—a'y) (32)
LY =(Kst+Ryy)H(t—ay)+(Mst+Nyy)H(t~a'y) (33)
where
Ki=-1-8048, M;=1-8047, R, =2-4294, Ny =-1-0740,
K,=-2-3038, M, =1-9407, R,=3-1263, N,=-1-1946,
K3=1-1544=—M, R;=-1.7637,  N;=1-8037,
K4=1-5359=~M, R,=-2:3342=N.,.

5. Discussion of results and conclusions

The dimensionless average density and temperature are given by

n=3(ni+n2) (34)
T=(nTi+n,T5)/(ni+ny). (35)

(1) In the case of highly rarefied gas we get
n/ne=1+3x"(a1H({t—ay)+aH({t—a'y))
T/To=1+x'(aiH(t—ay)+asH(t—a'y))
ai =-0-5853, a; =0:6410.

(2) At the surface of the plate (y = 0) we get
n(0, )/ne= 1+%)(’(a1+a2) fort>0
T, )/ To=1+x'(al +a3) for r>0.
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Then the dimensionless temperature jump 7; (the difference between gas and plate
temperatures) at the surface of the plate will be:

Ti(0, 1)/ To=Toy— Ty=1+x'=T(0, {)=0-9443y’ for ¢>0

where T, is the temperature of the plate and T is the temperature of the gas.
We conclude that the temperature jump at the surface of the plate at any instant is
constant if collisions between molecules are neglected.

(3) In the case when the collisions are considered we get:
n(0, t)/no=1+3x'[(a1+ K18t + R,8y)H (t—ay)+(a, + M8t + N18y)H(t —a'y)]

T(0,t)/To=1+x'[(A+Bét+D8y)H(t—ay)+(A'+B'st+D'Sy)H(t—a'y)]
where

A =-0-5853, B=-1.2276, =—1-5475,
A'=06410, B'=1-2275, D'=-0-1721.

(4) At the surface of the plate (y =0), there is a temperature jump T; at any
instant given by

Ti(0, t)= T, — T, = (0-9443 +0-00015¢).

To conclude we remark that the above results are obtained for an infinite plate.
An interesting problem would be to consider the situation for a plate only partially
bounding the gas. In this case the solution will contain an accommodation coefficient.
The analytical solution may be compared with experimental results, which could be
obtained. From that comparison the behaviour of the accomodation coefficient could
be investigated. The thermal waves propagated in the gas have a special form and we
think that these waves may be useful in engineering applications.

References

Bhatnagar B L, Gross E P and Krook M 1954 Phys. Rev. 94 511
Kashmarov A 1963 Inzhenerngy Zh. 13 No. 3

Khadr M A 1970 Collog. Disc. Moscow State University (in Russian)
Osman A 1976 MSc Thesis Assiut University, Egypt

Shidlovskiy V P 1967 Introduction to Dynamics of Rarefied Gases p 142
Wellander P 1954 Ark. Fys. 7 507-53



